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ON SECOND ORDER GRADIENT LIKE SYSTEM WITH
PARTIALLY LOJASIEWICZ GRADIENT NONLINEARITY

L. CHERGUI

ABSTRACT. We establish the convergence to equilibrium states for global and
bounded solutions of some decoupled second order gradient like system with non-
linear damping and nonlinearity which satisfies partially the Lojasiewicz gradient
inequality. Moreover, we estimate the rate of convergence and we give a non
convergence result.

1. INTRODUCTION AND MAIN RESULTS

In this paper we investigate the long time behaviour, as time goes to infinity, of the
trajectories of the following second order gradient like system:

Ut) + [UMU(t) = GV()VFU()),

V() + VIOV () = FU@)VG(V (1)),
(1.1) . .

teR,, Uy, U, € RP and V, V; € R

Here p,q € N*, a« € Ry, and F : R - R, G : R? — R are functions of class C?.

If n € N*, we denote by (-, -),, the canonical scalar product on R" and the application
|| - || is its corresponding norm. Whenever A is a matrix in M,(R), then ||A||,..
denotes the norm of A which is subordinate to || - ||, thus

HA”n,n: sup ”Aan

lzlln<1
Let us define also the distance between any two subsets B and D of R™ by
dist,(B,D) = inf |z =y,

(z,y)eBxD

At first, let us consider the most simple case for the first order gradient systems.
Let N € N*, we consider the following first order differential system

(1.2) X(t)=VH(X(t)),t € R,
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where H : RY — R is a function of class C? and X (t) € RY. This type of system
(1.2) has been studied earlier in the literature, for its history we refer to [24, 11, 1,
16, 17]. Authors have proved if H is analytic then any global and bounded solution
of (1.2) converges, as time goes to infinity, to an equilibrium point which is in

Sy ={u € RY/VH(u) = 0}.

Moreover, they obtained some estimates for the rates of convergence. Recall that
the basic argument in the proof of these results relies on the Lojasiewicz gradient
inequality, which is known also as the LG inequality.

Theorem 1. (21, 2]) If H : RN — R is analytic, then for any y € Sy there exist
0, €]0,3],0, > 0 and C, > 0 such that

Vo € R, |lz — ylly < 0y = |[VH(2)llx > Cy|H(z) — H(y)|'™".

Let us remark that if the LG inequality is satisfied for some 6, €0, 3], it is also

satisfied for any 6 €]0,6,] in a possibly sufficiently small ball centered on y and may
be another constant C,. If y is not in Sg, the inequality becomes trivial since H is
of class C1.

After, the most of results concerning the first order gradient system have been
extended in [14, 10, 5, 6] for the following second order gradient like system:

(1.3) X(t) + [XO%X (6) = VH(X(1)),t € R,

In classical Mechanics, the motion of a system with a finite number of degree of
freedom is generally governed by a second order differential system. The above sys-
tem (1.3) may be seen as a qualitative model for the motion of a material point
subject to gravity and some nonlinear damping, constrained to evolve on the graph
of H. For this view, we refer to [4, 9] and references therein. For the importance
and the applications of this type of system in Optimization and many other related
dynamical systems, we refer the reader to [7, 8, 25].

In the case when the damping is linear and H is analytic, the system (1.3) has been
studied first by Haraux and Jendoubi in [14]: when (o = 0), convergence of all
global and bounded solutions of (1.3) is established. In [14], authors estimate also
the rate of decaying for such solutions. The situation becomes more difficult when
the damping term is nonlinear. In [10], the problem (1.3) was studied in the case
a > 0 and H is analytic having a uniform Lojasiewicz exponent 6y which depends
only on the function H, see [2, 18, 23]. Precisely, it has been proved in [10] that a
weak dissipatin (a > 0) can always stabilize global and bounded solution of (1.3).
On

In fact, if « € [0, =0,

[ there exists y € Sy such that

lim (|X(t) = yllv + [ X(@)][5 = 0.

t—-+o0
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Moreover, we have the following estimate for the rate of convergence

—(1—bp)a

. 0
Jim (1X () = ylly + [ X(0)]lv S O =m5a=0me).
—+00

However, all these convergence results can fail whenever the function H is supposed
of class C*°. In [22], Palis and De Melo have proved that there exists a nonlinearity
H € C*(R?,R) and a bounded solution of the first order gradient system (1.2) for
which the w-limit set is the unit circle of R2. In [3, 20], the non-convergence result
of Palis and De Melo [22] has been extended to the second order problem (1.3) with
a=0.

Let N = p + q, if necessary R” is viewed as R? x R4. We can see clearly that the
problem 1.1 is a second order gradient like system associated to the nonlinearity

H:RY - R, H(u,v) = F(u)G(v).

U
In fact, if X = ( v ) then the system (1.1) can be viewed as the following:

; oy o N
X@+< ) |W@M>X@_vmxwy

The system (1.3) can be viewed also as

(T + IVl ? 0

X(t)+ < 0 (golaigolh

g)X®:VHM@)

So, it is interesting and useful for us that the nonlinear dissipatin of our problem
(1.1) is weaker than that dissipatin considered in (1.3).

In this paper, our aim is to prove that functions such as H(u,v) = F(u)G(v) and
which satisfies partially the LG inequality can produce also convergence for global
and bounded solutions of (1.1). For that we suppose that F' satisfies the LG in-
equality. Let

Srp={a €RP/VF(a) =0},
So, for all a € Sg, there exist 6, €]0, %], C, > 0 and o, > 0 such that

(1.4) Vu € R?, ||lu — al|, < 0, = [|[VE ()], > Co F(u) — F(a)|* .

In order to establish the convergence of any global and bounded solution (U, V)
of (1.1). It is useful to suppose that F' has a uniform Lojasiewicz exponent with
respect to the w—limit set of the solution (U, V') and not necessary to be uniform with
respect to Sp. The following result makes possible the existence of such exponent
uniformly on any compact and connected subset of Sg.
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Proposition 1. ([5]) Let L : R? — R be a function of class C*. Let T’ be a compact
connected subset of S;, = {x € RP,; VL(z) = 0}. We assume that (1.4) holds for the

function L. Then we have:

o L takes a constant value Lt on I'.
e There ezist ;1 > 0,6p €]0, 1] and Cr > 0 which are uniform with respect to T
such that

Vu € R? dist,(u,T') < = ||VL(u)||, > Cr|L(u) — Lr|* .
As in some existing papers on the convergence for gradient like systems, see [14, 10,
5, 6], we restrict our study for the cases in which the system (1.1) admits a strict
Lyapunov function. So, in order to develop classical Lojasiewicz-Lyapunov method,
it is useful to take a limiting point (a,b) of the solution (U,V) and then we make

the change of the variable u by a + w. In that case, the function F' will be replaced
by the function L(w) = F(a + w) — F'(a). Hence, the system (1.1) becomes

(L5) { W () + [W (@)W (k) = GV (1) VLW (t)),
V() + VOISV () = LIV() VGV (1) + Fa)VE(V (1)),

We note the appearance of the term F'(a)VG(V (t)) in the second differential equa-
tion of the new system (1.5). This gradient term requires us to suppose that function
G satisfies also the LG inequality near the point b. Let us remark that until now
it is unknown if F' and G satisfies separately the LG inequality, then convergence
for the global and bounded solutions of the problem (1.1) holds. In the sequel, we
assume

(1.6) Sp C Zp ={u e R?/F(u) = 0}.

Under this assumption, we have

(1.7) SpxRTC Sy = {(u,v) € RY/G(v)VF(u) = F(u)VG(v) = 0}.
In this paper our preliminary results are the following:

Theorem 2. For any initial data (Uy, Vo, Uy, V1) € RN x RY | there exists a unique
local solution for the second order differential system (1.1).

Remark 1. The above Theorem shows the existence of global solution for the Cauchy
problem (1.1), at least whenever the initial data is small enough: this is a pure result
from the Cauchy-Lipshitz Theorem which is based on fized Theorem arguments.

Now, let us define
P,: (u,v) €eRY - ucRP and P, : (u,v) € RY — v e RY
We define also the w-limit set of any solution (U, V') of the main problem (1.1) by
W(U,V) = {(a,b) € RY such that 3t, — 400 and (U(t,),V(t.)) = (a,b)}.
Similarly, we define separately
W(U) = {a € R? such that 3r,, — +oo and U(r,) — a}.
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and
W (V) = {b € R? such that 3s,, — 400 and V(s,) — b}.

Hence, we have the following results:

Proposition 2. For any solution (U, V) € W2>=(R,RY) of problem (1.1), we have

(1.8) Jim_disty (U(1), V (), W(U,V)) =0,
(1.9) WU, V) C W(U) x W(V),
(1.10) P.(W(U,V)) = W(U) and P,(W(U,V)) = W(V).

Remark 2. In general, for second order differential system, the inclusion (1.9) may
be strict. Indeed, the trajectory (U(t) = cost, V(t) =sint),t € R, is a solution for
the following ordinary differential system

{ Ut + 1UMsU(t) = =U(t) = V (1),

V() +IVIOlsV () =Uk) - V(1)

and W(U) x W(V) = [=1,1] x [=1,1], while W (U, V) is the unit circle of R2.
Proposition 3. For any solution (U, V) € W2>=(R,,RY) of problem (1.1), we have

(111) i {0+ [Vl =0,
(1.12) The set W(U, V) is a compact and connected subset of Sy,
(1.13) lim disty((U(t),V(t)),Sk) = 0.

t—-+o0

From (1.13), we deduce that global and bounded solutions of system (1.1) approaches
the set Sy as times goes to infinity. The question is then to determine whether or
not it actually converges to a point in Sy. The main results of this paper are the
following;:

Theorem 3. Assume that (1.4) and (1.6) hold. Let (U, V) € W3R ,RY) a
solution of system (1.1), such that for some 6 €]0,1] and Ts € Ry, we have

(1.14) Vit > Ty, |G(V(t))| > 6.
Then
(1.15) the set T := W(U) is compact connected subset of Sp.

«

In addition, if < Or, equivalently o < a , where Oy s given by Proposition
o+ 1 1— 01‘

1, then there exists (a,b) € Sp x R? such that
Jim U@+ IVl + 1) = all, + 1V (1) = bllg} = 0.
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If the function G itself satisfies

(1.16) 36 €]0,1]/Vv € R |G(v)] > 0.

Then, the following corollary derives obviously from Theorem 3.

Corollary 1. Assume that (1.4), (1.6) and (1.16) hold. Let (U,V) € W>*°(R,,RY)
, then there exists (a,b) € Sp X RY such

be a solution of system (1.1). If o <
that

Or
1—6r
Jim U@+ V@ + 1T = all, + 11V (E) = bllg} = 0.

Therefore, the weak dissipatin of our problem (1.1) does not prevent global and
bounded solution to be stabilized under the effect of partially LG restoring term. In
the next result, we estimate the rate of convergence.

Theorem 4. Under assumptions of Theorem 3, there exists a constant C > 0 such
that for all t € R, , we have

. ‘91’* - (]. - ‘91’*)04
1T+ 1V O, + 10 = all, + [V(E) = blly < CQ+1) 1200+ T =)o,

In the sequel, the paper is organized as follows: in section 2 we give proofs of
Theorem 2, Proposition 2 and Proposition 3. In section 3 we study the asymptotic
behavior for global and bounded solutions of the main problem (1.1). In fact, we give
the proof of Theorem 3. Section 4 is devoted to estimate the rate of convergence,
for that we give the proof of Theorem 4. In the rest of this paper, we give in section
5 a non convergence result.

2. PRELIMINARY RESULTS

2.1. Proof of Theorem 2. The system (1.1) is equivalent to the first order dif-
ferential system Y(t) = R(Y(¢)),tRy, where Y (t) = (U(t),V(t),U(t),V(t)) and
R :R?V — R2?V is the function defined by

R(u,v,w, 2) = (w, 2, G(v)VF(u) — [[w|[jw, F(v)VG(u) — ||2][72).

Our aim now is to prove that R satisfies the local Lipshitz condition on R*. Since F’
and G are functions of class C?, then (u,v) — G(v)VF(u) and (u,v) = F(u)VG(v)
are functions of class C'. So, these functions satisfies the local Lipshitz condition
on R? x R?. In addition, the function w — [Jw||Sw satisfies the Lipshitz condition
on any compact subset of RP which does not contains Ogr. Fortunately, near Og»
this function is tangent to zero, hence its differential at Og» is zero. Consequently,
the function w — |lwl||jw satisfies the local Lipshitz condition on RP. Similarly, we
have the same result for the function z — [|z||7z on R?. Therefore, we deduce that
the function R satisfies the local Lipshitz condition on R?Y. Then, by using the
Cauchy-Lipshitz Theorem: there is a unique local solution for the problem (1.1) for
every initial data (Up, Vp, Up, Vi) € R?Y,
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2.2. Proof of Proposition 2. At first, let us suppose that (1.8) does not happen,
then there exist ey > 0 and a sequence (i, )nen such that

(2.1) Vn € N,t, > n and disty((U(t,), V(t,)), W(U,V)) > .

Knowing that (U(t,),V(t,))nen is a bounded sequence in RY, then there exists a
subsequence (U(ty(m)), V (tpn)))nen which converges to some point (a,b) € W(U, V).
So, when n goes to the infinity in (2.1), we get disty((a,b), W(U,V)) > go. This
contradicts the fact that (a,b) € W (U, V). Thus the first assertion (1.8) is proved.
Secondly, if we take (a,b) € W(U, V) then there exists a sequence of time (¢,)nen
such that (U(t,), V(t,))nen converges to (a,b). Then, separately each one of the
two sequences (U(t,,))neny and (V (t,,))nen converges, respectively to a and b. Hence,
we have a € W(U) and b € W(V) which implies that (a,b) € W(U) x W(V)
and then assertion (1.9) is proved. Now, we have to prove (1.10). For that, we
take for example a € W(U) then there exists r, — oo such that U(r,) — a.
Knowing that (V(r,))nen is a bounded sequence of R?, there exists then a sub-
sequence (V(tym)))nen which converges to some b € W(V). So, the sequence
(U(tpm)), V(tom)) ) nen converges to (a,b), then (a,b) € W(U,V) and a = P,(a,b).
This proves that W(U) C P,(W (U, V)). Whenever it is obvious that P,(W (U, V)) C
W(U), then the equality holds. In a similar way, we prove the second assertion
B,(W(U,V)) =W (V).

2.3. Proof of Proposition 3. At the beginning, we are going to prove the as-
sertion (1.11). Let (U, V) € W?*°(R,,RY) be a solution of the system (1.1). So,
we multiply, by mean of the corresponding scalar product, the equations of (1.1)
respectively by U(t) and V/(t). Then by integrating over [0, ], we obtain

S0 =100 + [ 1057 = [ e Ews))as

SV =3I+ [ Wl = [ PO Gy

By the formula (FG) = GF' + FG' and equations (2.2), we get

(2.2)

ST+ W) 52has <[V PO+ 101 + 5114l

1, .- 1,
~ SN0 = SV @
This implies ‘ ‘
t = [lUDI + V(O™ € L' (Ry).

Using the fact that (I7,V) € L®(R,,RY), we get t — HU(t)HZJr2 + HV(t)Hg“+2 is
uniformly continuous on R, obviously (1.11) holds.
Now, in order to prove the assertion (1.12), we recall that

w,v) =W, v

s>0t>s
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This implies that the set W (U, V) is a compact and connected subset of RY | see [13]
for a simple proof. Next, let (a,b) € W(U,V) and t,, — 400 such that U(t,) — a
and V' (t,) — b. Writing

G(D)VF(a) = /0 G0V F(a)ds

= lim | G(V(tn+8)VEU(t, + 5))ds

n—-+00 0
1

= lim [ (=U—|U||5U)(t, + s)ds

n—-+4o0o 0

. . tn+1 . .
~ lim {—U(tn+1)+U(tn)—/t |80 (s)ds)

n——+o0

= 0.
Simultaneously and in the same way we obtain F'(a)VG(b) = 0. Then
G(b)VF(a) =0
F(a)VG(b) = 0.

Hence, the w-limit set W (U, V) is a subset of Sy. This complete the proof of (1.12).
It remains now to prove the last assertion (1.13). Since we have W (U,V) C Sy,
then

(2.3) (a,b) € W(U,V) = {

disty((U(t),V (t)), Sy) < disty((U(t),V (t)), W(U,V)).
Let t goes to infinity, we get

(2.4) tlim disty((U(t),V(t)),Su) =0,
—00
and then (1.13) is proved.

3. CONVERGENCE RESULT: PROOF OF THEOREM 3
First, let us prove the assertion (1.15). Writing

w(w) = J{wm)}.

s>0t>s

Then, the set I' := W(U) is a compact and connected subset of R?, see [13]. By
using (1.14), we have

(a,b) e W(U,V) = |G(b)| > 6 > 0.
Together with (2.3), implies that
W(U,V) C Sp x RY.
When combined with P, (W (U,V)) = W (U), see (1.10), this yields
I'=W(U) C Sk.
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Thus, assertion (1.15) is proved.

In the rest of this section, we are going to prove the convergence part of our Theorem
3. From (1.4), the function F satisfies the LG inequality. Since that I' is a compact
and connected subset of Sy, then by applying Proposition 1, we get: there exist

some real constants p > 0,Cr > 0, 0r €]0, 5] and Fr such that

Vu € RP dist,(u,I) < p=||VF(u)|, > Cr|F(u) — Fpll’er.

From assumption (1.6), we have Fr = 0. Let § := 0, the previous inequality
becomes
(3.1) Vu € R? dist,(u,T) < = [|VF(u)|, > Cr|F(u)*°.

Once again, by using (1.10), we have
distn((u,v), W(U,V)) < p= dist,(u,I') < p.
Combining with (3.1), it follows that
(32)  V(u,v) € RN disty((u,v), W(U,V)) < p= ||[VFW), > Cr|F(v)|"°.

Since we have (1.14), from (1.8) and (1.11) there exists 7' > T such that for all
t > T, we have
(3.3) . .

dista((U (1), V() WU, V) < o, 0@, < 1, [Vl < 1 and [GV(0)] 2 6

So, from (3.2) we get also
(3.4) Vt > T, ||VF(u)|l, > Cr|F(u)|"".
The previous inequality is crucial in what follows. At this step, let € be a positive
real number which will be fixed later and define for all ¢ € R, the functions
B(t) = SIU@IE + SV - FO@)Gv ),
and
K(t) = E(t) = |GV () VFU®) GV (E)VFUR)), U)),.

Our aim now is to prove that K is a strict Lyapunov function, that means K (%)
is non increasing and the solution (U(t), V (t)) will be constant if K (¢) vanishes at
some t. By differentiating £, we obtain for all t € R

E'(t) =(U (1), Ut), + (V(1), V() — (GV (1)) VF(U (), U(1)),
—(FU@)VGV (1), V(1))

(U(t) = GV O)VFU®),U®), + (V(t) = FUR)VEV (1), V(t)),

(HIUOIT®), UM®), + (= IIV@IRVE), V(D))

— U@+ = IVl

243
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Now, we will differentiate the mixed term

M(t) = |G(V(&)VFU )GV (O)VEU (), UD))y

In the next, the calculation is valid only at those points where G(V)VF(U) is not
zero. So, we have

M(t) =a| GV I)VEU D)™ GV @)VEU®)), GV O)VEU®))),
(GV(O)VEU®),Ut), + |GV O)VFU)(GVENVEUR)), UM)),
HIGVE)VEUM)(GVE)VFU®)), U®)y-

Since we have

Ut) = GV()VEU®) ~ [U-)IFU @),

and
(GVO)VEU() = (VGV (1)), V() VEU(L) + GV () V*F(U(1)).U(t).
Then, we get
V(1), V() (GV()VFU()), U1)),
p Tl GV()VEU @)l
FU ()) U(6)){G(V (1)) VEU (1), U(t),
VG( (), V() VEU (1), U(1))p
+GVO)IGV () VE ( (V2 FU0)).U(1), U(t),
+ |GV O)VEU )5 = GV ENIGVEO)VEU) U@
(VE(U(1)),U(t)),-
Replacing in K’(t). We obtain
K'(t) = =[lU@l5™ = V@)™ = ellGV ) VEU ©))]5+
+eGVDIGVO)VEU)IGITM 5 (VFU@), Ut),
— |GV ) VEU )5 (VGV (), V(1) o VEU (1)), U(1)),
— GV (EDIGVO)VEU ) (VU ®)).U®), U)),
(V( I FU(

—al| GV ENVEU M) GV () VEWU(®)), U)W (VE(V (1)), V(t),
(VEU®), GVIO)IVEU )y — el GV ENVEU@)I ’
(GVENVEWU),U),(V2E(U()).U(1), GV () VEU (1)),

Let
C1 = sup [|[VF(U(1))],,Ca = tS%P IVG(V ()],
eR4

teRy

Cs = sup [V2F(U(1))p and Cy = sup [G(V ()]

teR 4 teR+
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Using the Cauchy-Schwarz inequality, we get
K'(t) < U057 = [VOlg = |GV () VF(U(#))
€ allT o ’
+ §||G(V(t))VF(U(t))IIp||U(t)||p{IIG(V(t))VF(U(t))||§ +U@I}

|a+2
p

+ gchallG(V(t))VF(U(t))||§§{||U(t)||§ + VI
+eCsCa| GV ) VFU @)U

+ ?ClCzHG(V(t))VF(U(t))||;"{||U(t)||§ VI
+eaCsl|GV(O))VFU )T M.

As we saw, the calculation is valid only at those points where G(V)VF(U) is not

zero. However, near a point where G(V)VF(U) = 0 the worst term
IGV)VEW)[IS(GV)VE),U),

is tangent to zero, so its derivative is zero and the same final estimate holds true.
Our aim now is to prove that K is a non increasing function on the interval [T', +o0].

From (3.3), we have
(3.5) V> T U(5)]|, < 1and [V(E)], < 1.
Then, we have for all t > T

K'(t) < —lU@)3* — IV@)llg*™ - %IIG(V(t))VF(U(t))H?“

+ 305I\G(V(t))VF(U(t))IIZIIU(t)Hﬁ + gCGHG(V(t))VF(U(t))HZHV(t)Hﬁ-

Here C5 = 1+ (14 «)C1Cy + 2C3C, + 2aC5 and Cg = (1 + a)C1Cs.
Using Young’s inequality, we get

IGVO)VEU )T @I SﬁHG(V(lﬁ))VF(U(lf))H;’f+2 +(4Cs) 2T @)+,

IGVO)VEU@)IIV @I SﬁHG(V(lﬁ))VF(U(t))IIZ+2 +(4Ce) 2 IV (D)5 ™.

Then, we obtain
K'(t) <{-1+ 305<405>%}||U<t>||§“ +{-1+ goﬁ<406>%}llv<t>||;“+2
o LUONZACON Pt
So, by choosing € small enough in the previous inequality, we get for all ¢ > T

(B6) KW < - IUOI - SIV@I? - SIGVETFUm)

245
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The inequality (3.6) shows that K is non increasing on [T, +oo[. Moreover, from
(1.11) and (1.6), we deduce

lim K(t) =0.
t—o0

If there exists to > T such that K(ty) = 0, then K(t) = 0 for all ¢t > ¢, and by using
inequality (3.6) we obtain U(t) = V(t) = 0 for all t > t,. This implies that (U, V)
is stationary and then convergent solution. If it is not the case, we assume in the
next that

(3.7) Vt > T, K(t) > 0,

and we will prove that t — ||U(t)]|, is integrable on [T, +oo[. We have o < %,
then
f:=0—-(1-0)a>0.
From (3.7), we have for all t > T
_ K@)
{K(t)-0}ita
Since the following elementary inequality

Va,b € Ry, (a+b)* < 2(a* + %)

(3.8) (K(t)%)

holds for any A € [0,2], then by using Cauchy-Schwarz inequality, we get for all
teR,

(39) KO <4{u@ " + VO + [FO@)GV )
HIUD I, NGV (@) VEWU )50}
Once again by applying Young’s inequality, we get
10O IGW @) VEU @S0 < [T, + GV ) VEU @),
Then, inequality (3.9) becomes
(3.10) K0 <4{[U@* + VOl + [FU@)GV @)

HTOLT + GV E)VEU @)}

1
Since 0 €]0, 5], then > 1 and 2(1 — 0) > 1. Together with (3.5) implies that

for all ¢t > T we have
1T < [T @), IV < V(g and [T, < (U]l

So, from (3.10), we get
(3.11) ' _
K@) <8{lU@,+IV O)llg+HFU@)GV () +HCCH GV ) VEWU )]}
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Together (3.4) and the previous inequality implies that for all £ > T" we have
(3.12) _ .
K@) < CAIU@HIV Ol HEV O IV EU @), HIGV (O)VEU )]}

Where C7 = 8(1 + (C1C4)* + CLF) > 0.
Now, Writing

IGVO)VEWU @) =[GV NGV ENIVEWU )]}

From (3.3) we have
vi>T,|G(V(t) = 6.
Then, for allt > T

IGVO)VEU @) = 8”2V O)IVEU @)l
Therefore, from (3.6) we have for all ¢t > T

K 2 U@ + SVl + SIGV O VEU @)

+ 259(“+2){|G(V(t))Il‘GIIVF(U(t))Hp}““-

Y

(NN

€
We assume, if it is necessary, that ¢ is small enough such that Cs := §59(O‘+2) <

Thus, the previous inequality becomes
—K'(t) = GIU@I ™ + V@)™ + (G O IV FU )]+
+HIGV@)VFU @)}

Since that z — 2972 is a convex function on R, then
C : : _
—K'(t) = 4afl{llU(lﬁ)llp +IIVOlly + IGV NI IVET ),

+HIGVO)VEU®)]l,3".

C
Together with (3.8) and (3.12), implies that for every ¢ > T and Cy := ﬁ,
7

we have

(3.13) — > [U@), + 1V @)y + GV )+ GV O HIVEU ®) .

(K (1))
Co
Therefore, by integrating over any interval of time [T, 7] we get
T T 1
(3.14) / U (s)]|pds +/ [V (s)]lqds < =E(T)? < .
T T Cy
Consequently, the application t — ||U(t)||,+ ||V (t)]|, is integrable on [T, +oc[. From

this derives the convergence of (U, V) to an equilibrium point (a,b) € W(U,V) C
SF x RY.
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4. RATE OF CONVERGENCE: PROOF OF THEOREM 4

Based on what we have in the proof of Theorem 3, we shall establish some suitable
differential inequalities. Next, by using the following Lemma (1), we obtain the
desired estimate.

Lemma 1. ([15]) Let f be a positive solution of the following differential inequality
@)+ Cft) <0,vt>0.
If C' >0 and v > 1, then we have
f(0)e Pt vt >0,
(4.1) f(t) < 1
(ﬁt) v—l,Vt > 0.

Let us gather some facts from the Proof of Theorem 3. We showed in (3.13) that
there exists T" and a positive constant Cy such that for all ¢ > T', we have

BY! . .
42) ~EEL > oo, + 1V @l + 16V @)+ GO HYFO@),

From (3.12), we have
K@) < CUIU® IV @l HEV O IVEWU @), +HIGV 0)VEWU @)}
Together with (4.2), gives

Vs T (K@Y < L@ = — L)
Cr Cr
Let o . )
) =K@t)P,C==2~v="">1and Cy = e
f() () ) 0777 6 > 1 an 10 (C( _1>)

Then, by applying the Lemma 1 we obtain

__ B8
(4.3) Vt>T, K1)’ <Cyt 1=0-5,

Now, by writing

1U(#) = all, + [V () = bll, < /tOO(IIU(S)Hp + IV ($)llg)ds,

and using (4.2), we get
1
vi > T, |[U(t) = all, + [[V(t) = bl < @K(t)ﬁ-
Together with (4.3), implies
B
(4.4) > T (U) = all, + V(1) ~bll, < 7ot 100,

9
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Similarly, we will estimate the speed of decay for the damping term. For that, by
using of the first equation of (1.1) we get

IO, <T@+ + GV ENIVEWU @)
From (3.5) we have
vt > T IU@G 5 < U],
Then
1T, < 1T, + GV NIV EU )],
Thanks to (4.2), we have

(45) ¥t = T, |00 < ~ o (K@)

We have tkgéo |U)|l, =0, see (1.11), then

. +m .o
Vie R, U(t) = —/ U(s)ds.
¢

So, by using (4.5) and (4.3), we obtain for all t > T
) too 1 Cio T1_0_3
(4.6) U@ < / 1T (s)llpds < —K ()7 < =2t 1=0=0.
t Cg Cg

It remains now to estimate the speed of decay for ||V (¢)||,. Together the second
equation of (1.1) and (3.5) implies

vt 2> T, |[V(#)ll, < IVOly + [ FOE)VEWV (D),
In order to develop calculation in the same way as previous, we shall establish
some new estimates for the term || F(U(t))VG(V (t))||, who appeared in the previous
inequality. For that, we introduce a new Lyapunov function
L(t) = K(t) = | FU @) VGV ()5 (F(U@)VGV (1)), V(E))q,

which is obtained by perturbation of K with the following mixed term

N(t) = [FUE)VGV O (FU@)VEV (), V(D))

249
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By differentiating N (¢) on all points such that F'(U)VG(V) is not zero, we get
N'(t) = a| FU@) VGV ED;HVEUR), UD)(FUE)VGV (1), V(t)),
(FUMIVEV), VEVH))g + e FUE)VEV @I ’
(FU@)VGV (1), FU®)VG(V (*)- V($)(FU@)VE(V (1)), V(1)
+ HF( O)IVGVEDIFVEU M), U)(VG(V (1)), V(t)),
FUM)FU@®))VGV )5 (VE(V(1)).V (1), V(t)),
+||F( O)VGV )™ = FU@)IEU@)VGV )5 IVEN;
(VG(V (1), V(1))

Let
Cyy = sup |F(U(t))| and Cya = sup VGV (1) llg.q-
teER4+

teRy
Using the Cauchy-Schwarz inequality, we get

—eN'(t) < —el|[FU®) VGV ()7 + %Clcz{llff(t)l\i +IVols
+ (@ + 1)eCroCul FUM)VEV @)l IV @)

3

+ SO FUE)VEWV G {IT @I + IV Ol
+ %CmIIF(U(t))VG(V(t))||2“||V(t)IIS{IIVG(V(L‘))H@ V@I

By similar computations to those that provided the inequality (3.6) and by choosing
¢ small enough as for the inequality, we have

@1 L) < g I00I - IVl - 16V E)VFU @)

—IPUE)VEV )5+,

Same arguments as in the proof of Theorem 3, the previous estimate holds true
for those points which satisfies F(U)VG(V) = 0. In the same way we establish a
similar inequality to (3.12). So, there exists an instant which is denoted also by T
such that for all t > T

(48)  L@O S IUD, + IV O)lly + UGV ) + GV N HIVEU @)
HIEU@)VEV(@))llg
1

By similar computations as for the inequality (3.13), we obtain for all t > T
(4.9) —(Z®") 2 NTO)l, + IVl + {IGVEN]+ GV O HIVEU )],
(1))

HIFU@)VEV(@))llg-
Together (4.8) and (4.9), gives us

(L) Z L) = (L)) 7.
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Thanks to the Lemma 1, we have
__ B
(4.10) vi>T,L@t)’ <t 1—=0-5,

From previous, we have for all t > T

\W@MglwWV@mw

< oo{I\V(S)Ilzﬂr|IF(U(1t))VG(V(t))IIq}dS

- t
400
s- [ (werras s
t
Since we have (4.10), then
8
(4.11) V> TV, St 108

To finish now, let us gather (4.4), (4.6) and (4.11), then by changing constants if
necessary, results stated in Theorem 3 are completely proved for every t € R, .

5. NON-CONVERGENCE RESULT

From Theorem 3 we derive the following result

Corollary 2. Suppose that the assumptions of the Corollary 1 holds. In addition,
we suppose that F satisfies (1.4) with a uniform Lojasiewicz exponent 0 = % Then,
for all a € 0,1], every global and bounded solution (U, V') of problem (1.1) converges

to an equilibrium point (a,b) € Sp x RY.

In this section, we are interested in problem (1.1) when a = 1. Precisely, we show
the existence of non convergent solution even if the assumptions stated in Theorem
3 hold. For that, we make use of the following non convergence result:

Theorem 5. (see [13])
Let f be a locally Lipshitz function defined on R such that

f(z) <0 forxz < a,
(5.1) flz) =0 fora<az<b,
f(z) >0 forb < z.

Then, for every non constant and bounded solution of the following ordinary differ-
ential equation

gt) + l9@)g) + f(y(t) = 0,t € Ry.
There ezist sequences t, — +oo and s, — +00 such that y(t,) < a and y(s,) > b
for all n € N.



252 International Journal of Mathematics, Statistics and Operations Research

Let us define the following functions
—(z —a)?ifx <a,
F(z)=1{ (z—1b)?2ifb< x,
0,if = € [a, b].

and
e(x_ayl,if r < a,

G(xr) =< e 0" ifh < g,
Lif z € [a, b].

1
The function F satisfies assumptions (1.6) and (1.4) with § = 7 Also, the function
G satisfies (1.16) with 6 = 1. We consider the following gradient like system

a(t) + ut)|u(t) + Gu(t))(F')(u(t)) = 0,
(5.2) i(t) + [0(8)0(t) + F(u(t) G (v(t) =0,
teR,.

The Theorem 5 shows that every component of a non constant and global solution
of (5.2) does not converge.
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